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Abstract
We perform a systematic analysis on supersymmetric states in N = 4 su-
persymmetric Yang-Mills theory (SYM) on R× S3. We find a new set of 1/16
BPS equations and determine the precise configuration of the supersymmetric
states by solving all 1/16 BPS equations when they are valued in Cartan subal-
gebra of a gauge group and the fermionic fields vanish. We also determine the
number of supersymmetries preserved by the supersymmetric states varying
the parameters of the BPS solutions. As a byproduct we present the complete
set of such supersymmetric states in N = 8 SYM on R × S2 by carrying out
dimensional reduction.
1 Introduction
N = 4 supersymmetric Yang-Mills theory (SYM) in four dimensions has been a funda-
mental theoretical tool to extract important lessons of duality. In particular N = 4 SYM
enjoys S-duality [1, 2], which is a generalization of the electro-magnetic duality [3, 4], and
also exhibits a dual description of type IIB supergravity on AdS5 × S5 under a particular
limit [5]. For precise investigation of these kinds of strong-weak duality, supersymmetry
often plays important roles.
Since maximally supersymmetric completion of Yang-Mills theory gives rise to full
quantum conformal invariance in the flat space [6, 7, 8, 9], N = 4 SYM can be studied by
mapping the system onto R× S3 by a conformal transformation, which makes the system
free from infra-red divergence and discretizes the spectrum of the system with the mass
gap of order the inverse radius of the three sphere. In particular discrete spectrum of the
supersymmetric (or BPS) states of the theory has attracted a great deal of attention in the
context of AdS5/CFT4 duality, which can be tested by confirming match of supersymmetric
spectra in both sides [10, 11].
One aspect in the study of BPS spectrum is counting BPS states. (Other works related
to N = 4 SYM on R × S3 are found, for instance, in [12, 13, 14, 15].) In particular an
important tool to study BPS spectrum is a (superconformal) index [16], which encodes
BPS spectrum as a form of polynomial. A superconformal index of the N = 4 SYM
has been computed exactly in arbitrary SU(N) gauge group [17]. (See also [18, 19, 20].)
Under the large N limit with the charges kept finite the index of the N = 4 SYM precisely
matches that of multi-particle states of supergravity multiplet in type IIB supergravity on
AdS5 × S5 [17]. This result is reasonable in the sense that other supersymmetric objects
such as (dual) BPS giant gravitons [21, 22, 23] and BPS black holes [24, 25, 26] in the dual
geometry have much larger charges, which are of order N , N2 respectively. Counting of
supersymmetric states with such large charges in the N = 4 SYM has also been done as
a purely mathematical problem by recasting BPS states as cohomology of a supercharge
[27]. As a result, an index of 1/8 BPS (dual) giant gravitons [28, 29] has been reproduced
from the N = 4 SYM, whereas that of 1/16 supersymmetric black holes has not. 1/16
BPS states are less understood and expected to have a key to make more progress in
AdS5/CFT4 duality. (See [30] for a recent study in this direction.)
Under the circumference this paper is aimed at carrying out a systematic analysis on
1/16 BPS states of theN = 4 SYM. The goal of this paper is to clarify basic information on
the BPS states of the N = 4 SYM such as the 1/16 BPS equations, the BPS configuration
and preserved supersymmetries by setting assumptions that the fermionic fields vanish and
that the fields are valued in Cartan subalgebra of a gauge group.
The rest of this paper is organized in the following way. In §2 we review basics of
N = 4 SYM explaining our convention. In §3 we carry out a systematic analysis on
supersymmetric states of the N = 4 SYM by setting the fermionic fields to zero. In §3.1 we
study the spherical symmetric BPS states for warm-up. In §3.2 we study supersymmetric
states with angular momenta, which contain 1/16 BPS states. In §3.3 we count the number
of preserved supersymmetries of the BPS states determined in §3.2. In §4 we derive similar
1
information of BPS states in N = 8 SYM on R×S2 by performing dimensional reduction.
§5 is dedicated to discussion and future works. Appendix contains our convention (A), and
basic information on S3 (B) including construction of the scalar spherical harmonics on S3
(B.1) and reduction of information of S3 to that of S2 (B.2).
2 N = 4 SYM on R× S3
In this section we review basics of N = 4 SYM on R × S3 so as to be self-contained.
The N = 4 SYM consists of six real scalars, gauge field and their supersymmetric part-
ners, all of which are valued in the adjoint representation of a gauge group.1 This theory
has PSU(2, 2|4) global symmetry, and especially SO(6)R ≃ SU(4)R R-symmetry. The
fermionic fields are in the anti-fundamental representation of SU(4)R, which we denote by
λA, and the six scalar fields form the anti-symmetric representation of SU(4)R, which is
denoted by XAB satisfying
XAB = −XBA, (XAB)† =
1
2
εABCDX
CD =: XAB, (2.1)
where A,B = 1, 2, 3, 4. The action of N = 4 SYM on R× S3 is given by
S =
1
g2
∫
dtr3d3Ω Tr
[
−
1
4
FµνF
µν −
1
2
DµXABD
µXAB +
1
4
[XAB, XCD][X
AB, XCD]−
1
2r2
XABX
AB
+ i(λA)
†γµDµλA + λA[X
AB, λB] + (λA)
†[XAB, (λB)
†]
]
(2.2)
where g is a gauge coupling, r is the radius of the three sphere, d3Ω = 1
8
dθ sin θdφdψ is the
volume form of the unit three sphere, Dµ is the covariant derivative with respect to gauge
and space index, which acts on the fields as follows.
DµX
AB =∂µX
AB + i[Aµ, X
AB] (2.3)
DµλA =∂µλA +
1
4
ωµ,νργ
νρλA + i[Aµ, λA] (2.4)
where ωµ,νρ is the one form connection of the space-time. See Appendix B for more details.
For later convenience we present equations of motion and conserved charges in the
bosonic part. These can be computed in the standard way. Equations of motion for the
gauge field and complex scalar fields in the bosonic part are
DµF
µν − i[XAB, D
νXAB] = 0, (2.5)
DµDµX
AB + [XCD, [X
AB, XCD]]−
1
r2
XAB = 0. (2.6)
1In this paper we do not need to specify a gauge group.
2
SU(4)R R-symmetry charge is
RCA =i
∫
d3Ω
1
g2
Tr
(
−XCBD0XAB +D
0XCBXAB
)
. (2.7)
The energy is
H =
∫
d3Ω
1
g2
Tr
(
1
2
(F 0i)2 +
1
4
(F ij)2 +
1
2
|D0XAB|
2 +
1
2
|DiX
AB|2 +
1
4
|[XAB, XCD]|
2 +
1
2r2
|XAB|
2
)
(2.8)
where |A|2 = AA†. The angular momentum is
J i =
∫
d3Ω
1
g2
Tr
(
F 0µF
iµ +
1
2
(D0XABD
iXAB +DiXABD
0XAB)
)
(2.9)
where i = θ, φ, ψ.
The action (2.2) is invariant under the following supersymmetry transformation rule.
∆ǫAµ = i((ǫA)
∗γµλA + ǫAγµ(λA)
†),
∆ǫX
AB = i(−εABCDǫCλD − (ǫA)
∗(λB)
† + (ǫB)
∗(λA)
†), (2.10)
∆ǫλA =
1
2
Fµνγ
µνǫA − 2DµXABγ
µ(ǫB)
∗ − 2i[XAB, X
BC ]ǫC −XABγ
µ∇µ(ǫB)
∗,
where ∇µ is the covariant derivative for spin and ǫA is a supersymmetry parameter valued
in Grassmann number, which is given by a conformal Killing spinor on R× S3
∇µǫ
(±)
A = ±
i
2r
γµγ
tǫ
(±)
A . (2.11)
Let us solve this Killing spinor equation briefly. For ǫ
(+)
A , (2.11) reduces to
∂tǫ
(+)
A =
i
2r
ǫ
(+)
A , ∂ψǫ
(+)
A =
i
2
γ3
tǫ
(+)
A , ∂θǫ
(+)
A = 0, ∂φǫ
(+)
A = 0. (2.12)
This can be solved as follows.
ǫ
(+)
A = e
i
2r
te−
i
2
γ30ψη
(+)
A (2.13)
where η
(+)
A is a constant spinor. On the other hand, for ǫ
(−)
A , (2.11) becomes
∂tǫ
(−)
A = −
i
2r
ǫ
(−)
A , ∇
S2
θ ǫ
(−)
A = −
i
r
γθ
tǫ
(−)
A , ∇
S2
φ ǫ
(−)
A = −
i
r
γφ
tǫ
(−)
A , ∂ψǫ
(−)
A = 0, (2.14)
where ∇S
2
µ is the spin covariant derivative on S
2. More explicitly, the covariant derivatives
act on a spinor as follows.
∇θǫ
(−)
A = ∂θǫ
(−)
A , ∇φǫ
(−)
A = ∂φǫ
(−)
A +
1
2
cos θγ21ǫ
(−)
A . (2.15)
The solution of Killing spinor equation is
ǫ
(−)
A = e
− i
2r
te−
i
2
γ01θe−
1
2
γ21φη
(−)
A (2.16)
where η
(−)
A is a constant spinor.
3
3 BPS states in the N = 4 SYM
In this section we perform a systematic analysis on BPS states of N = 4 SYM on R×S3.
That is we study a condition of the fields such that the supersymmetry variation given by
(2.10) vanishes for a certain Killing spinor. In this paper we consider a situation where the
gaugino fields vanish. In this case we have only to study conditions of the bosonic fields
for the supersymmetry transformation of gaugino to vanish. By using the Killing spinor
equation (2.11) the supersymmetry variation of gaugino can be written as
∆ǫ(±)λA =
1
2
Fµνγ
µνǫ
(±)
A − 2i[XAB, X
BC ]ǫ
(±)
C + (−2D0XAB ±XAB
2i
r
)γt(ǫ
(±)
B )
∗ − 2DiXABγ
i(ǫ
(±)
B )
∗
(3.1)
where i = θ, φ, ψ.
There are two kinds of BPS states on the sphere: one is spherically symmetric, the
other is not. This separation is achieved automatically by studying whether a preserved
Killing spinor of a BPS state is projected or not by a certain projective operator, which
breaks spherical symmetry. In this paper we perform projection for a constant spinor in
Killing spinors (2.13), (2.16) by using γ0.
3.1 Spherically symmetric BPS states
In this subsection we study spherically symmetric BPS solutions for warm-up. For this
purpose we study a BPS condition which preserves at least one Killing spinor without any
projection. As such a preserved Killing spinor we first choose ǫ
(+)
4 , where 4 = 1, 2, 3, 4. We
use German letters 1, 2, 3, 4 as symbols representing 1, 2, 3, 4 in a way that there exists a
permutation σ such that i = σ(i), where i = 1, 2, 3, 4, i = 1, 2, 3, 4. For the supersymmetry
variation of gaugino to vanish with nonzero ǫ
(+)
4 , the fields are required to satisfy
Fµν = 0, [XAB, X
B4] = 0, −2D0XA4 +XA4
2i
r
= 0, DiXA4 = 0 (3.2)
for A = 1, 2, 3, 4, since γµǫ
(+)
4 and (γµǫ
(+)
4 )∗ are linearly independent for all µ. This is the
1/8 BPS condition which preserves a Killing spinor ǫ
(+)
4 . As asserted, the last equation in
(3.2) constrains BPS states to be spherically symmetric.
Let us study this BPS condition when the fields take values in Cartan subalgebra of
the gauge group. In this case these become
Fµν = 0, 2∂0XA4 = XA4
2i
r
, ∂iXA4 = 0. (3.3)
This can be easily solved as
XA4 = x
(+)
A4 e
i t
r (3.4)
4
where xA4 are integral constants valued in complex number. Other components are deter-
mined by using the relation (2.1) as
X12 = X
†
34 = x
(+)
34
†e−i
t
r , X13 = −X
†
24 = −x
(+)
24
†e−i
t
r , X23 = −X
†
14 = −x
(+)
14
†e−i
t
r .
(3.5)
This is a general 1/8 BPS solution which preserves a Killing spinor ǫ
(+)
4 .
Let us study a case for this BPS solution to preserve another Killing spinor. One will
soon notice that ǫ
(−)
4 is broken unless all fields are trivial. So let us set it to zero to study
a nontrivial BPS solution. Under the BPS condition (3.2) the supersymmetry variation of
gaugino becomes
∆ǫ(±)λ1 =(X12
2i
r
±X12
2i
r
)γt(ǫ(±)2 )
∗ + (X13
2i
r
±X13
2i
r
)γt(ǫ(±)3 )
∗,
∆ǫ(±)λ2 =(X21
2i
r
±X21
2i
r
)γt(ǫ(±)1 )
∗ + (X23
2i
r
±X23
2i
r
)γt(ǫ(±)3 )
∗,
∆ǫ(±)λ3 =(X31
2i
r
±X31
2i
r
)γt(ǫ(±)1 )
∗ + (X32
2i
r
±X32
2i
r
)γt(ǫ(±)2 )
∗,
∆ǫ(±)λ4 =(−X41
2i
r
±X41
2i
r
)γt(ǫ(±)1 )
∗ + (−X42
2i
r
±X42
2i
r
)γt(ǫ(±)2 )
∗ + (−X43
2i
r
±X43
2i
r
)γt(ǫ(±)3 )
∗.
(3.6)
In order for these to vanish, it is required to satisfy
(ǫ(+)1 )
∗ = 0 or (ǫ(+)1 )
∗ 6= 0, X34 = X24 = 0, (3.7)
(ǫ(+)2 )
∗ = 0 or (ǫ(+)2 )
∗ 6= 0, X34 = X14 = 0, (3.8)
(ǫ(+)3 )
∗ = 0 or (ǫ(+)3 )
∗ 6= 0, X24 = X14 = 0, (3.9)
(ǫ(−)1 )
∗ = 0 or (ǫ(−)1 )
∗ 6= 0, X41 = 0, (3.10)
(ǫ(−)2 )
∗ = 0 or (ǫ(−)2 )
∗ 6= 0, X42 = 0, (3.11)
(ǫ(−)3 )
∗ = 0 or (ǫ(−)3 )
∗ 6= 0, X43 = 0, (3.12)
where we used the relation (2.1). Therefore the 1/8 BPS solution has enhanced supersym-
metry in the following situation.
1. One complex scalar field is trivial: X14 = 0. In this case, the Killing spinor ǫ
(−)
1 is
also preserved and the solution (3.4) becomes 1/4 BPS.
2. Two scalar fields are trivial: X14 = X24 = 0. In this case, the Killing spinors
ǫ
(−)
1 , ǫ
(−)
2 , ǫ
(+)
3 are also conserved and the solution (3.4) becomes 1/2 BPS.
In the same way we can obtain a BPS condition and solution which preserve ǫ
(−)
4 . The
BPS condition to conserve ǫ
(−)
4 is
Fµν = 0, [XAB, X
B4] = 0, 2D0XA4 −XA4
2i
r
= 0, DiXA4 = 0. (3.13)
5
When the fields take values in Cartan subalgebra of the gauge group, this reduces to
Fµν = 0, 2∂0XA4 +XA4
2i
r
= 0, ∂iXA4 = 0. (3.14)
The equations of the complex scalar field can be easily solved as
XA4 = x
(−)
A4 e
−i t
r . (3.15)
This is a general 1/8 BPS solution which preserves ǫ
(−)
4 . This BPS solution has enhanced
supersymmetry in the following situation.
1. One complex scalar field is trivial: X14 = 0. In this case, the Killing spinor ǫ
(+)
1 is
also conserved, and the solution becomes 1/4 BPS.
2. Two scalar fields are trivial: X14 = X24 = 0. In this case, the Killing spinors
ǫ
(+)
1 , ǫ
(+)
2 , ǫ
(−)
3 are also unbroken, and the solution becomes 1/2 BPS.
We summarize the result in the following table.
BPS solutions. Preserved Killing spinors. Number of SUSY.
XA4 = x
(±)
A4 e
±i t
r for A = 1, 2, 3. ǫ
(±)
4 . 4
(1
8
BPS)
XA4 = x
(±)
A4 e
±i t
r for A = 2, 3, ǫ
(∓)
1 , ǫ
(±)
4 . 8
X14 = 0. (
1
4
BPS)
X34 = x
(±)
34 e
±i t
r , ǫ
(∓)
1 , ǫ
(∓)
2 , ǫ
(±)
3 , ǫ
(±)
4 . 16
X14 = X24 = 0. (
1
2
BPS)
X14 = X24 = X34 = 0. ǫ
(±)
1 , ǫ
(±)
2 , ǫ
(±)
3 , ǫ
(±)
4 . 32
(Unique vacuum)
Table 1: We list spherically symmetric BPS solutions, preserved Killing spinors and its
number. Signature in multi-column has to be chosen with order respected except the last
column.
Let us compute conserved charges (2.8), (2.9), (2.7) under the BPS conditions.
H =
1
g2
∫
d3Ω
4
r2
Tr|XA4|
2, (3.16)
Pi =0, (3.17)
R44 =
∫
d3Ω
2
g2
∓1
r
Tr|XA4|
2, (3.18)
where the upper sign is for the BPS condition given by (3.2) and the lower for that of
(3.13). We can show that
∑4
A=1R
A
A = 0. We can easily see the BPS relation of conserved
charge as
rH = ∓2R44 = ±2
3∑
A=1
RAA. (3.19)
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3.2 Non-spherical BPS states
3.2.1 BPS states preserving ǫ
(+)
4
In this subsection we study supersymmetric states with angular momenta. To this end
we study supersymmetric states which preserves a Killing spinor projected by a certain
operator which breaks spherical symmetry. We first choose ǫ
(+)
4 as such a preserved Killing
spinor. We carry out projection for a constant spinor η
(+)
4 such that
γ0η
(+)
4 = iw
(+)η(+)4 (3.20)
where w(+) = ±1.2 For this projected constant spinor, the Killing spinor ǫ(+)4 given by
(2.13) is evaluated as
ǫ(+)4 =e
i
2r
tei
w(+)
2
ψη(+)4 . (3.21)
Let us fix charges of this Killing spinor. The energy, the angular momentum of φ direction,
and that of ψ direction are evaluated as eigenvalues of the operators H := i∂t, Jφ := Lˆ3 =
−i∂φ, and Jψ := Rˆ3 = i∂ψ, respectively, where Lˆi, Rˆi are defined in Appendix B. The
charge assignments are summarized in Table 2. Therefore the BPS condition of charges
H Jφ Jψ R
1
1 R
2
2 R
3
3 R
4
4
ǫ
(+)
4 −
1
2r
0 −w
(+)
2
−1
4
−1
4
−1
4
3
4
Table 2: Charges of the Killing spinor ǫ
(+)
4 are shown.
associated with the Killing spinor ǫ
(+)
4 is
rH = −2R44 + 2w
(+)Jψ. (3.22)
Note that the relative factors match that obtained from psu(2, 2|4) superconformal algebra
in the standard normalization [31, 17].
In order to study a BPS condition preserving ǫ
(+)
4 , it is convenient to divide the super-
symmetric transformation of gaugino into two parts such that
∆ǫ(±)λC =∆(±)λC + ∆¯(±)λC (3.23)
where
∆(±)λA =
1
2
Fµνγ
µνǫ
(±)
A − 2i[XAB, X
BC ]ǫ
(±)
C , (3.24)
∆¯(±)λA =(−2D0XAB ±XAB
2i
r
)γt(ǫ
(±)
B )
∗ − 2DiXABγ
i(ǫ
(±)
B )
∗. (3.25)
2 In terms of a Killing spinor the projection is given by Pǫ
(+)
4 = iw
(+)ǫ
(+)
4 where P = Uγ0U
−1 with
ǫ
(+)
4 = Uη
(+)
4 .
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Let us extract the terms containing η
(+)
4 from these. By using (3.20) and (3.21). we find
∆(+)λA =e
iµ
4
tei
w(+)
2
ψ
[
iw(+)δ4A(−F
01 + iF 23 + iw(+)F 02 − w(+)F 13)γ1η
(+)
4
+ {iw(+)δ4A(iF
03 + F 12) + (−2i[XAB, X
B4])}η(+)4
]
+ · · · (3.26)
∆¯(+)λA =e
− iµ
4
tei
−w(+)
2
ψ
[(
(−2D0XA4 +XA4
2i
r
)(iw(+))− 2iD3XA4
)
(η(+)4 )
∗
+ (−2D1XA4 − 2iD2XA4w
(+))γ1(η(+)4 )
∗
]
+ · · · (3.27)
where the ellipses represent the other terms which do not contain η
(+)
4 . In order for ∆ǫ(±)λC
to vanish with η
(+)
4 nonzero, it is necessary to satisfy
− F 01 + iF 23 + iw(+)F 02 − w(+)F 13 = 0,
iw(+)δ4A(iF
03 + F 12)− 2i[XAB, X
B4] = 0,
(−2D0XA4 +XA4
2i
r
)(iw(+))− 2iD3XA4 = 0,
− 2D1XA4 − 2iD2XA4w
(+) = 0,
for arbitrary A, since η
(+)
4 , γ1η
(+)
4 , (η
(+)
4 )∗, γ1(η
(+)
4 )∗ are linearly independent under the pro-
jection (3.20). By using the fact that all the components of F µν are real, these can be
simplified as
F 01 = −w(+)F 13, F 23 = −w(+)F 02,
w(+)δ4A(iF
03 + F 12)− 2[XAB, X
B4] = 0,
(D0 −
i
r
− w(+)D3)XA4 = 0,
(D1 + iw
(+)D2)XA4 = 0.
(3.28)
This is the 1/16 BPS condition preserving ǫ
(+)
4 projected by (3.20). This result is essentially
the same as 1/16 BPS equations derived in [27], (4.9) and (4.10), in a different way by
making the energy density complete square and looking for configurations to saturate the
Bogomol’nyi bound.
Let us solve these BPS conditions when the fields are valued in Cartan subalgebra of a
gauge group. In this case these BPS equations boil down to
F 12 = F 03 = 0, F 13 = −w(+)F 01, F 02 = −w(+)F 23, (3.29)
and
(∂0 −
i
r
− w(+)∂3)XA4 = 0, (∂1 + iw
(+)∂2)XA4 = 0 (3.30)
8
for A = 1, 2, 3. Note that by restricting our interest to the Cartan part the gauge sector
and the matter one decouple so that we can solve each sector independently.3
First let us solve the matter BPS equation. The equation of motion of the matter fields
(2.6) suggests that solutions thereof are expanded by S3 scalar spherical harmonics. We
denote the scalar spherical harmonics by Ys,l3,r3 with non-negative half integer s and two
half integers l3, r3 whose moduli are bounded above by s. These quantum numbers are
Cartan charges of the representation of the spherical harmonics of su(2)L × su(2)R acting
on S3.
Lˆ2Ys,l3,r3 = Rˆ
2Ys,l3,r3 = s(s+ 1)Ys,l3,r3 , (3.31)
Lˆ3Ys,l3,r3 = l3Ys,l3,r3, Rˆ3Ys,l3,r3 = r3Ys,l3,r3, (3.32)
where Lˆi, Rˆi are differential operators generating su(2)L × su(2)R algebra. See Appendix
B for more details. By using these operators the second equation in (3.30) can be written
as
Rˆw(+)XA4 = 0 (3.33)
where Rˆw(+) = Rˆ± when w
(+) = ±1 respectively, and Rˆ± is given by (B.16). Therefore
BPS solutions are expanded by the spherical harmonics of highest (or lowest) weight of
su(2)R for w
(+) = +1 (or −1).
XA4 =
∑
s≥0,|l3|≤s
xs,l3A4 (t)Ys,l3,w(+)s(θ, φ, ψ) (3.34)
where xs,l3A4 (t) are unknown functions of time, which is determined from the first equation
in (3.30). Plugging the above into the first equation in (3.30) gives
∂0x
s,l3
A4 (t) =
i
r
xs,l3A4 (t)−
2
r
w(+)(−iw(+)s)xs,l3A4 (t). (3.35)
This equation is easily solved as
xs,l3A4 (t) = x
s,l3
A4 e
i 2s+1
r
t (3.36)
where xs,l3A4 is an integral constant valued in complex number.
4 As a result we obtain
XA4 =
∑
s≥0,|l3|≤s
xs,l3A4 e
i 2s+1
r
tYs,l3,w(+)s(θ, φ, ψ). (3.37)
This is a general 1/16 BPS solution of the complex scalar fields preserving the Killing
spinor ǫ
(+)
4 with projection (3.20). Note that this satisfies the equation of motion of the
scalar field (2.6).
3 This is not the case in the non-abelian sector [27].
4 More rigorously or mathematically speaking, xs,l3A4 is a constant valued in Cartan subalgebra of a
gauge group over the complex number. But we often abuse such a variable as a coefficient of a Cartan
generator by which the variable is expanded.
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Let us move on to determining BPS solutions of gauge sector. For this purpose we
substitute the BPS condition (3.29) into the equations of motion of the field strength
(2.5) and one of the Bianchi identities, which are in our situation given by ∇µF
µν = 0,
∇1F 23 +∇2F 31 +∇3F 12 = 0, respectively. Under the BPS condition (3.29) the equations
of motion reduce to the following three equations
∂tF
01 + w(+)∂3F
01 = 0, (3.38)
∂tF
23 + w(+)∂3F
32 = 0, (3.39)
∂1(w
(+)F 01)− ∂2F
23 +
2
r
cot θ(w(+)F 01) = 0, (3.40)
and the Bianchi identity becomes
∂1(sin θF
23) + w(+)∂2(sin θF
01) = 0. (3.41)
After multiplying sin θ to both sides in (3.40), we can write it as
∂1(sin θF
01)− w(+)∂2(sin θF
23) = 0. (3.42)
A general solution of (3.41) and (3.42) is given by
sin θF 01 =
∑
s≥ 1
2
,|l3|≤s
(Bs,l3(t)Re[Ys,l3,w(+)s(θ, φ, ψ)]− A
s,l3(t)Im[Ys,l3,w(+)s(θ, φ, ψ)])
sin θF 23 =
∑
s≥ 1
2
,|l3|≤s
(As,l3(t)Re[Ys,l3,w(+)s(θ, φ, ψ)] +B
s,l3(t)Im[Ys,l3,w(+)s(θ, φ, ψ)])
(3.43)
where As,l3(t), Bs,l3(t) are unknown functions of time. The reason is as follows. First we
recall that Ys,l3,w(+)s is annihilated by the operator Rˆw(+). By dividing Ys,l3,w(+)s into the
real and imaginary part, Ys,l3,w(+)s = u+ iv, we can rewrite Rˆw(+)Ys,l3,w(+)s = 0 as
∂1u− w
(+)∂2v = 0, ∂1v + w
(+)∂2u = 0. (3.44)
This is equivalent to
∂1(Au+Bv) + w
(+)∂2(Bu− Av) = 0, ∂1(Bu− Av)− w
(+)∂2(Au+Bv) = 0 (3.45)
where A,B are arbitrary constants independent of θ, φ, ψ. This implies that the equations
(3.41) and (3.42) are solved by sin θF 23 = Au+Bv, sin θF 01 = Bu−Av. Superposing all
modes labeled by l, l3 gives a general solution (3.43), as asserted.
The time dependence of the field strength is determined by (3.38), (3.39). The result
is
sin θF 01 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
Re[Ys,l3,w(+)s(θ, φ, ψ − w
(+)2
r
t+ α
(+)
s,l3
)] (3.46)
sin θF 23 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
Im[Ys,l3,w(+)s(θ, φ, ψ − w
(+)2
r
t + α
(+)
s,l3
)] (3.47)
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where a
(+)
s,l3
, α
(+)
s,l3
are integral constants taking real values with the range a
(+)
s,l3
≥ 0, 0 ≤
α
(+)
s,l3
< 2π. Plugging the explicit expression of the spherical harmonics given by (B.25) into
these, we find the general 1/16 BPS solution of the field strength as
F 01 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
cs,l3 tan
w(+)l3
(
θ
2
)
sins−1 θ cos (l3φ+ s(
2
r
t− w(+)ψ) + α(+)s,l3) (3.48)
F 23 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
cs,l3 tan
w(+)l3
(
θ
2
)
sins−1 θ sin (l3φ+ s(
2
r
t− w(+)ψ) + α(+)s,l3) (3.49)
where cs,l3 is given by (B.26).
5 Other components of the field strength are determined by
(3.29).
Let us enphasize that it is possible to turn on BPS excitation for the gauge field inde-
pendently from the matter sector in the abelian sector. This behavior is different from the
non-abelian sector [27].6 We also note that it is not required to use the vector spherical
harmonics to solve the BPS equation for the gauge field.
The moduli space of the 1/16 BPS solution is given by
xs,l314 , x
s,l3
24 , x
s,l3
34 ∈ C, a
(+)
s,l3
≥ 0, 0 ≤ α(+)s,l3 < 2π (3.50)
for s ≥ 0, |l3| ≤ s for x
s,l3
A4 , s ≥
1
2
, |l3| ≤ s for a
(+)
s,l3
. Note that we do not take into account
the flux quantization condition here and hereafter, which would make the moduli space
quantized in a certain manner.
Let us compute conserved charges (2.8), (2.9) and (2.7). We first simply them by using
the BPS solution (3.29), (3.30). As a result the conserved charges are written in terms of
XA4, ∂2XA4, ∂3XA4, F
01, F 23. We present results by separating the matter sector and gauge
sector. The conserved charges in the matter sector are simplified as
H|Fµν=0 =
∫
d3Ω
4
g2
Tr
(
1
r2
|XA4|
2 − w(+)
i
r
XA4∂3X
A4 + |∂2XA4|
2 + |∂3XA4|
2
)
, (3.51)
Jθ|Fµν=0 =0, (3.52)
Jφ|Fµν=0 =
∫
d3Ω
2
g2
Tr
(
−(
i
r
XA4 − w
(+)∂3XA4)∂φX
A4 + (c.c.)
)
, (3.53)
Jψ|Fµν=0 =
∫
d3Ω
2
g2
Tr
(
−(
i
r
XA4 − w
(+)∂3XA4)∂ψX
A4 + (c.c.)
)
, (3.54)
R44|Fµν=0 =i
∫
d3Ω
2
g2
Tr
(
i
r
|X4B|
2 − w(+)X4B∂3X4B
)
, (3.55)
5 Here we exclude the mode of s = 0, which formally satisfies the 1/16 BPS equations but turns out to
be non-normalizable.
6The author would like to thank S.Kim for pointing this out.
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where (c.c.) means the complex conjugation of the first term. The gauge field part is the
following.
H|XAB=0 =
∫
d3Ω
1
g2
Tr
(
(F 01)2 + (F 23)2
)
, (3.56)
Jθ|XAB=0 =0, (3.57)
Jφ|XAB=0 =w
(+) r
2g2
∫
d3Ω cos θTr
(
(F 01)2 + (F 23)2
)
, (3.58)
Jψ|XAB=0 =w
(+) r
2g2
∫
d3Ω Tr
(
(F 01)2 + (F 23)2
)
, (3.59)
R44|XAB=0 =0. (3.60)
Note that at this stage we see the BPS relation of charges given by (3.22) in the gauge
sector.
Let us compute conserved charges using the BPS solution (3.37), (3.48), (3.49). The
matter part is the following.7
H|Fµν=0 =
8
r2g2
∑
s≥0,|l3|≤s
(2s+ 1)2Tr|xs,l3A4 |
2, (3.64)
Jφ|Fµν=0 =
−4
rg2
∑
s≥0,|l3|≤s
(2s+ 1)l3Tr|x
s,l3
A4 |
2, (3.65)
Jψ|Fµν=0 =
4
rg2
w(+)
∑
s≥0,|l3|≤s
(2s+ 1)sTr|xs,l3A4 |
2, (3.66)
R44|Fµν=0 =−
2
rg2
∑
s≥0,|l3|≤s
(2s+ 1)Tr|xs,l3A4 |
2. (3.67)
In the matter sector we also find the BPS relation given by (3.22).
7 For this computation we used formulas such that∫
d3Ω
1
sin2 θ
|Ys,l3,w(+)s|
2 =
s(1 + 2s)
2 (−l23 + s
2)
, (3.61)
∫
d3Ω
cot θ
sin θ
|Ys,l3,w(+)s|
2 =
w(+)l3(1 + 2s)
2(l23 − s
2)
, (3.62)∫
d3Ω cot2 θ|Ys,l3,w(+)s|
2 =−
2l23 + s
2(l23 − s
2)
, (3.63)
where |l3| < s. In the main text, we also used these formulas formally at |l3| = s.
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The gauge field part is computed as follows.
H|XAB=0 = w
(+)2
r
Jψ|XAB=0 =
1
g2
∑
s≥ 1
2
,|l3|≤s
s(2s+ 1)
2 (s2 − l23)
Tr(a
(+)
s,l3
)2, (3.68)
Jφ|XAB=0 =
r
2g2
∑
s≥ 1
2
,|l3|≤s
l3(2s+ 1)
2(l23 − s
2)
Tr(a
(+)
s,l3
)2. (3.69)
Note that the energy and momenta become divergent when the modes with |l3| = s are
nonzero.
3.2.2 BPS states preserving ǫ
(−)
1
Next we study BPS states preserving a Killing spinor ǫ
(−)
1 whose constant spinor η
(−)
1 is
projected in such a way that
γ0η
(−)
1 = iw
(−)η(−)1 (3.70)
where w(−) = ±1. Under this projection the Killing spinor ǫ(−)1 given by (2.16) is evaluated
as
ǫ(−)1 =e
− i
2r
te
−iw(−)φ
2 (cθ − w
(−)γ1sθ)η
(−)
1 (3.71)
where we used notation such that
cθ = cos
θ
2
, sθ = sin
θ
2
. (3.72)
We determine charges of this Killing spinor (ǫ
(−)
1 )
∗ to find out the BPS relation of
charges in Table 3.8 Therefore the BPS relation of charges associated with the Killing
H Jφ Jψ R
1
1 R
2
2 R
3
3 R
4
4
(ǫ
(−)
1 )∗ −
1
2r
w(−)
2
0 −3
4
1
4
1
4
1
4
Table 3: Charges of the Killing spinor (ǫ
(−)
1 )
∗ are shown.
spinor ǫ
(−)
1 is
rH = 2R11 + 2w
(−)Jφ. (3.73)
8 The reason why we determine charges of (ǫ
(−)
1 )
∗ instead of those of ǫ
(−)
1 is because (ǫ
(−)
1 )
∗ has the
negative energy, which has a corresponding supersymmetry charge, while ǫ
(−)
1 has the positive energy,
which corresponds to a special superconformal charge. We fix a BPS relation of charges for a particular
supersymmetry charge.
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To determine a BPS condition preserving ǫ
(−)
1 , we extract the terms containing η
(−)
1
from (3.24), (3.25) as done previously. The results are as follows.
∆(−)λA
=e−
iµ
4
te
−iw(−)φ
2 ×[{
(−iw(−)cθ)(F
01 − iF 23)− cθ(F
02 + iF 13) + sθ(F
03 − iF 12)− 2i[XAB, X
B1](−w(−)sθ)
}
γ1η
(−)
1
+
{
− isθ(F
01 − iF 23) + sθw
(−)(F 02 + iF 13) + cθw
(−)(F 03 − iF 12)− 2i[XAB, X
B1]cθ
}
η(−)1
]
+ · · ·
∆¯(−)λA
=e
iµ
4
te
iw(−)φ
2 ×[{
(−2D0XA1 −XA1
2i
r
)(iw(−)cθ)− 2D1XA1(−w
(−)sθ)− 2D2XA1(isθ)− 2D3XA1(icθ)
}
(η(−)1 )
∗
+
{
(−2D0XA1 −XA1
2i
r
)(isθ)− 2D1XA1(cθ)− 2D2XA1(iw
(−)cθ)− 2D3XA1(−iw
(−)sθ)
}
γ1(η
(−)
1 )
∗
]
+ · · ·
where the ellipses describe the other terms than η
(−)
1 . In order for these to vanish with η
(−)
1
nonzero, the fields are required to satisfy{
− isθ(F
01 − iF 23) + sθw
(−)(F 02 + iF 13) + cθw
(−)(F 03 − iF 12)
}
δ1A − 2i[XAB, X
B1]cθ = 0,{
(−iw(−)cθ)(F
01 − iF 23)− cθ(F
02 + iF 13) + sθ(F
03 − iF 12)
}
δ1A − 2i[XAB, X
B1](−w(−)sθ) = 0,
(−2D0XA1 −XA1
2i
r
)(iw(−)cθ)− 2D1XA1(−w
(−)sθ)− 2D2XA1(isθ)− 2D3XA1(icθ) = 0,
(−2D0XA1 −XA1
2i
r
)(isθ)− 2D1XA1(cθ)− 2D2XA1(iw
(−)cθ)− 2D3XA1(−iw
(−)sθ) = 0,
for all A = 1, 2, 3, 4, since η
(−)
1 , γ1η
(−)
1 , (η
(−)
1 )
∗, γ1(η
(−)
1 )
∗ are linearly independent under the
projection (3.70). Using the fact that all the components of F µν are real, we can simplify
these BPS equations as follows.
F 02 = −w(−)F 23 sec θ + F 03 tan θ, F 13 = −w(−)F 01 sec θ − F 12 tan θ,
[XAB, X
B1] =
1
2i
{
w(−) sec θ(F 03 − iF 12)− (F 23 + iF 01) tan θ
}
δ1A,
D0XA1 = −
i
r
XA1 − w
(−)2
r
DφXA1,
D1XA1 = iw
(−)(−cos θD2XA1 + sin θD3XA1).
(3.74)
These are the other set of 1/16 BPS equations, which is a new result in this paper.
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Let us solve these BPS equations when the fields take values in Cartan subalgebra of a
gauge group. In this case these BPS equations are further simplified as
F 02 = −w(−) cos θF 23, F 03 = w(−) sin θF 23, (3.75)
F 12 = −w(−) sin θF 01, F 13 = −w(−) cos θF 01, (3.76)
(∂0 +
i
r
+
2
r
w(−)∂φ)XA1 = 0, (3.77)
(∂1 − iw
(−)(−cos θ∂2 + sin θ∂3))XA1 = 0. (3.78)
Let us first solve the matter BPS equation. By noticing that (3.78) can be written as
Lˆw(−)XA1 = 0, where Lˆw(−) = Lˆ± when w
(−) = ±1, the BPS solution of the matter
fields are expanded by the spherical harmonics of highest (or lowest) weight of su(2)L for
w(−) = +1 (or −1).
XA1 =
∑
s≥0,|r3|≤s
xs,r3A1 (t)Ys,w(−)s,r3(θ, φ, ψ) (3.79)
where xs,r3A1 (t) represents time-dependence of the scalar field, which is determined from
(3.77).
∂0x
s,r3
A1 (t) =
−i
r
xs,r3A1 (t)−
2
r
w(−)(iw(−)s)xs,r3A1 (t). (3.80)
This equation is easily solved as
xs,r3A1 (t) = x
s,r3
A1 e
−i 2s+1
r
t (3.81)
where xs,r3A1 is an integral constant. As a result we obtain BPS solutions
XA1 =
∑
s≥0,|r3|≤s
xs,r3A1 e
−i 2s+1
r
tYs,w(−)s,r3(θ, φ, ψ). (3.82)
This is a general 1/16 BPS solution which preserves ǫ
(−)
1 projected by (3.20). It is not
difficult to check that this satisfies the equation of motion of the scalar field (2.6).
Let us move on to determining the BPS solution of the gauge sector combining the
equations of motion (2.5) and Bianchi identity. In the current situation they are given by
∇µF µν = 0 and ∇1F 23 + ∇2F 31 + ∇3F 12 = 0, respectively. Under the BPS conditions
(3.75),(3.76) the equations of motion reduce to the following three equations
∂tF
01 =− w(−)
2
r
∂φF
01, (3.83)
∂tF
23 =− w(−)
2
r
∂φF
23, (3.84)
∂3F
23 =− w(−)(∂t(cos θF
23) + ∂1(sin θF
01)), (3.85)
and the Bianchi identity becomes
(−
1
sin θ
∂ψ + cot θ∂φ)(sin θF
01) = −w(−)∂θ(sin θF
23). (3.86)
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We can solve (3.85) and (3.86) by noticing the fact that they can be rewritten as Lˆw(−)G =
0, where G = sin θF 01 + i sin θF 23. Therefore this solution is given by the spherical har-
monics of the highest (or lowest) weight of su(2)L algebra.
G =
∑
s≥ 1
2
,|l3|≤s
C(−)s,r3(t)Ys,w(−)s,r3(θ, φ, ψ) (3.87)
where C
(−)
s,r3(t) is an unknown function of time, which can be easily determined from the
other BPS equations (3.83), (3.84).
∂tC
(−)
s,r3
(t) = −i
2
r
sC(−)s,r3(t) (3.88)
which is solved as
C(−)s,r3(t) = C
(−)
s,r3
e−i
2
r
st = a(−)s,r3e
−i 2
r
st+iα
(−)
s,r3 (3.89)
where a
(−)
s,r3, α
(−)
s,r3 are integral constants with the range a
(−)
s,r3 ≥ 0, 0 ≤ α
(−)
s,r3 < 2π. Plugging
this back into the above gives
G =
∑
s≥ 1
2
,|l3|≤s
a(−)s,r3e
−i 2
r
st+iα
(−)
s,r3Ys,w(−)s,r3(θ, φ, ψ). (3.90)
Plugging the polar coordinates expression of the spherical harmonics given by (B.28) we
find the 1/16 BPS solutions of the field strength
F 01 =
∑
s≥ 1
2
,|r3|≤s
a(−)s,r3cs,r3 tan
w(−)r3
(
θ
2
)
sins−1 θ cos (−r3ψ + s(w
(−)φ−
2
r
t) + α(−)s,r3), (3.91)
F 23 =
∑
s≥ 1
2
,|r3|≤s
a(−)s,r3cs,r3 tan
w(−)r3
(
θ
2
)
sins−1 θ sin(−r3ψ + s(w
(−)φ−
2
r
t) + α(−)s,r3), (3.92)
where cs,r3 is given by (B.29).
9 Other components can be obtained from (3.75), (3.76).
The moduli space of the 1/16 BPS solution is given by
xs,r312 , x
s,r3
12 , x
s,r3
13 ∈ C, a
(−)
s,r3
≥ 0, 0 ≤ α(−)s,r3 < 2π (3.93)
for s ≥ 0, |r3| ≤ s for x
s,r3
A4 , s ≥
1
2
, |r3| ≤ s for a
(+)
s,r3. Here we do not take into account the
flux quantization condition.
Let us compute conserved charges (2.8), (2.9), (2.7) of the BPS solution. For this end
we first simplify them by using the BPS conditions (3.75), (3.76), (3.77), (3.78). The
9 We exclude the mode with s = 0.
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results of the matter part are the following.
H|Fµν=0 =
4
g2
∫
d3Ω Tr
(
1
r2
|XA1|
2 + |∂2XA1|
2 + |∂3XA1|
2 +
2i
r2
w(−)XA1∂φX
A1
)
, (3.94)
Jθ|Fµν=0 =0, (3.95)
Jφ|Fµν=0 =
∫
d3Ω
1
g2
Tr
(
−2(−
i
r
XA1 − w
(−)2
r
DφXA1))DφX
A1 + (c.c.)
)
,
Jψ|Fµν=0 =
∫
d3Ω
1
g2
Tr
(
−2(−
i
r
XA1 − w
(−)2
r
DφXA1)DψX
A1 + (c.c.)
)
, (3.96)
R11|Fµν=0 =i
∫
d3Ω
2
g2
Tr
(
−
i
r
|X1A|
2 − w(−)
2
r
X1ADφXA1
)
. (3.97)
The gauge sector is as follows.
H|XAB=0 =
∫
d3Ω
1
g2
Tr
(
(F 01)2 + (F 23)2
)
, (3.98)
Jθ|XAB=0 =0, (3.99)
Jφ|XAB=0 =w
(−) r
2g2
∫
d3Ω Tr
(
(F 01)2 + (F 23)2
)
, (3.100)
Jψ|XAB=0 =w
(−) r
2g2
∫
d3Ω cos θTr
(
(F 01)2 + (F 23)2
)
, (3.101)
with R11|XAB=0 = 0. Note that at this stage we see the BPS relation of charges given by
(3.73) in the gauge sector.
Let us compute these conserved charges under the BPS solution (3.82). (3.91), (3.92).
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The matter parts are10
H|Fµν=0 =
8
r2g2
∑
s≥0,|r3|≤s
(2s+ 1)2Tr|xs,r3A1 |
2, (3.105)
Jφ|Fµν=0 =
4
rg2
w(−)
∑
s≥0,|r3|≤s
(2s+ 1)sTr|xs,r3A1 |
2, (3.106)
Jψ|Fµν=0 =
4
rg2
∑
s≥0,|r3|≤s
−(2s + 1)r3Tr|x
s,r3
A1 |
2, (3.107)
R11|Fµν=0 =
2
rg2
∑
s≥0,|r3|≤s
(2s+ 1)Tr|xs,r3A1 |
2, (3.108)
which satisfies the BPS relation of charges given by (3.73). The gauge field part is the
following.
H|XAB=0 = w
(−)2
r
Jφ|XAB=0 =
1
g2
∑
s≥ 1
2
,|r3|≤s
s(1 + 2s)
2 (s2 − r23)
Tr(a(−)s,r3)
2, (3.109)
Jψ|XAB=0 =
r
2g2
∑
s≥ 1
2
,|r3|≤s
r3(1 + 2s)
2(r23 − s
2)
Tr(a(−)s,r3)
2. (3.110)
Note that the modes with |r3| = s give divergent contribution to the energy and momenta.
3.3 Counting of supersymmetries
In this subsection we count number of supersymmetries preserved by BPS solutions con-
structed in the previous subsections. Let us count the number of supersymmetries of the
BPS solutions given by (3.37), (3.48), (3.49), which preserves at least η
(+)
4 projected by
10 We note useful formulas ∫
d3Ω
1
sin2 θ
|Ys,w(−)s,r3 |
2 =
s(1 + 2s)
2 (−r23 + s
2)
, (3.102)
∫
d3Ω
cot θ
sin θ
|Ys,w(−)s,r3 |
2 =
w(−)r3(1 + 2s)
2(r23 − s
2)
, (3.103)∫
d3Ω cot2 θ|Ys,w(−)s,r3 |
2 =−
2r23 + s
2(r23 − s
2)
, (3.104)
where |r3| < s. We however used these formulas formally at |r3| = s in the main text.
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(3.20). For convenience we write them down here again.
XA4 =
∑
s≥0,|l3|≤s
xs,l3A4 e
i 2s+1
r
tYs,l3,w(+)s(θ, φ, ψ), (3.111)
F 01 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
cs,l3 tan
w(+)l3
(
θ
2
)
sins−1 θ cos (l3φ+ s(
2
r
t− w(+)ψ) + α(+)s,l3), (3.112)
F 23 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
cs,l3 tan
w(+)l3
(
θ
2
)
sins−1 θ sin (l3φ+ s(
2
r
t− w(+)ψ) + α(+)s,l3), (3.113)
for arbitrary A = 1, 2, 3. To exclude the case of trivial angular momenta, we consider the
case whether xs,l3C4 6= 0 or a
(+)
s,l3
6= 0 for some positive s and l3.
First let us consider the case where a
(+)
s,l3
6= 0 for some positive s and l3. Under this situ-
ation we consider the BPS solution which also preserves η
(+)
3 satisfying γ0η
(+)
3 = iw
(+)
3 η
(+)
3 .
Then the form of the BPS solution gets another constraint such that
XA3 =
∑
s≥0,|l3|≤s
xs,l3A3 e
i 2s+1
r
tY
s,l3,w
(+)
3 s
(θ, φ, ψ), (3.114)
F 01 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
cs,l3 tan
w
(+)
3 l3
(
θ
2
)
sins−1 θ cos (l3φ+ s(
2
r
t− w(+)3 ψ) + α
(+)
s,l3
), (3.115)
F 23 =
∑
s≥ 1
2
,|l3|≤s
a
(+)
s,l3
cs,l3 tan
w
(+)
3 l3
(
θ
2
)
sins−1 θ sin (l3φ+ s(
2
r
t− w(+)3 ψ) + α
(+)
s,l3
), (3.116)
for A = 1, 2, 4. Under the assumption, matching of (3.112), (3.113) with (3.115), (3.116)
requires the signature of the projection for η
(+)
3 , η
(+)
4 to be the same, w
(+)
3 = w
(+). Matching
of the matter solution (3.111), (3.114) demands X14 = X24 = 0 since X
†
14 = −X23, X
†
24 =
X13 from (2.1). Under this situation supersymmetries specified by η
(+)
1 and η
(+)
2 are broken
unlessX†34 = 0. In other words, the matter becomes trivial if we keep three supersymmetries
of the form η
(+)
A . Can the BPS solution preserve η
(−)
A supersymmetry concurrently? Let
us study this possibility. Keeping also η
(−)
4 makes the matter fields completely trivial and
gives constraint for the field strength so that the highest or lowest weight modes in terms
of su(2)L remain: a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w(−)s for fixed w(−). To preserve η
(−)
1 in stead
of η
(−)
4 , the matter field X14 has to vanish and the other matter fields have only the modes
which are also the highest or lowest weight states of su(2)L. In this case projected η
(−)
1
is preserved. The condition to keep η
(−)
2 , η
(−)
3 are the same with that of η
(−)
1 by replacing
1 by 2, 3 respectively. When all scalar fields become trivial, all Killing spinors η
(+)
A are
preserved for all A. In this case, supersymmetry is enhanced when the gauge field strength
is expanded by the mode of the highest or lowest weight representation of su(2)L as well
so that a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w(−)s for fixed w(−). In this case the Killing spinors of
the form η
(−)
A are also conserved. We summarize this result in Table 4.
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Parameter region. Preserved Killing spinors. Number of SUSY.
xs,l314 , x
s,l3
24 , x
s,l3
34 , a
(+)
s,l3
: generic. η
(+)
4 2
with γ0η
(+)
4 = iw(+)η
(+)
4 . (
1
16
BPS)
xs,l314 = x
s,l3
24 = 0 for ∀s, l3. η
(+)
3 , η
(+)
4 4
with γ0η
(+)
A = iw
(+)η
(+)
A . (
1
8
BPS)
xs,l324 , x
s,l3
34 , a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w(−)s, η
(−)
1 , η
(+)
4 4
xs,l314 = 0 for ∀s, l3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
8
BPS)
xs,l334 , a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w(−)s, η
(−)
1 , η
(−)
2 , η
(+)
3 , η
(+)
4 8
xs,l314 = x
s,l3
24 = 0 for ∀s, l3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
4
BPS)
xs,l314 = x
s,l3
24 = x
s,l3
34 = 0 for ∀s, l3. η
(+)
1 , η
(+)
2 , η
(+)
3 , η
(+)
4 8
with γ0η
(+)
A = iw
(+)η
(+)
A . (
1
4
BPS)
a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w(−)s, η
(±)
1 , η
(±)
2 , η
(±)
3 , η
(±)
4 16
xs,l314 = x
s,l3
24 = x
s,l3
34 = 0. for ∀s, l3 with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
2
BPS)
Table 4: We list the number of supersymmetry of BPS solutions (3.37), (3.48), (3.49)
to preserve η
(+)
4 with γ0η
(+)
4 = iw(+)η
(+)
4 at each point of moduli space with a
(+)
s,l3
6= 0 for
∃s > 0, l3.
Next we consider a case where xs,l334 6= 0 for some positive s and l3. This assumption
restricts us to two case to study BPS solutions to preserve another Killing spinor as (i)
η
(+)
3 , (ii) η
(−)
1 . They are all projected by γ0. Note that the assumption excludes the cases
η
(+)
2 (or η
(+)
1 ), η
(−)
3 , η
(−)
4 , which result in X34 = 0. (i) Let us first study BPS solutions to
preserves another supersymmetry specified by η
(+)
3 which satisfies γ0η
(+)
3 = iw
(+)
3 η
(+)
3 . We
study the BPS solution of the matter fields since the constraint of the field strength can
be discussed in the same way as above. As in the above case, the matter BPS solution
should also be of the form such as (3.114). Due to the assumption, matching of (3.111) and
(3.114) requires the signature of the projection for η
(+)
3 , η
(+)
4 to be the same, w
(+)
3 = w(+),
and X14 = X24 = 0 from (2.1). It is not possible to preserve η
(+)
1 or η
(+)
2 , which would
make all matter fields trivial, though it is possible to conserve η
(−)
1 projected by γ0, in
which case the non-trivial scalar field X34 and the field strength have to also be expanded
by the highest weight states of su(2)L: x
s,l3
34 , a
(+)
s,l3
= 0 for l3 6= −w(−)s. This solution
automatically has supersymmetry specified by η
(−)
2 as well. (ii) Let us consider the case for
the BPS solution to preserves η
(−)
1 which satisfies γ0η
(−)
1 = iw(−)η
(−)
1 . This demands that
X14 = 0 and x
s,l3
24 , x
s,l3
34 , a
(+)
s,l3
= 0 for l3 6= −w(−)s. Notice that supersymmetry is enhanced
when xs,l324 , a
(+)
s,l3
= 0 for all s > 0, in which case η
(−)
1 is preserved without any projection.
Furthermore in order to preserve η
(−)
2 in addition it is necessary for X24 to vanish. In this
case supersymmetry is enhanced so that η
(+)
3 is also preserved. We summarize this result
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in Table 5.
Parameter region. Preserved Killing spinors. Number of SUSY.
xs,l314 , x
s,l3
24 , x
s,l3
34 , a
(+)
s,l3
: generic. η
(+)
4 2
with γ0η
(+)
4 = iw(+)η
(+)
4 . (
1
16
BPS)
xs,l314 = x
s,l3
24 = 0 for ∀s, l3. η
(+)
3 , η
(+)
4 4
with γ0η
(+)
A = iw
(+)η
(+)
A . (
1
8
BPS)
xs,l324 , x
s,l3
34 , a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w(−)s, η
(−)
1 , η
(+)
4 4
xs,l314 = 0 for ∀s, l3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
8
BPS)
xs,l334 = 0 for ∀s > 0, l3 6= −w
(−)s η
(−)
1 , η
(+)
4 6
xs,l324 , a
(+)
s,l3
= 0 for ∀s > 0, l3; xs,l314 = 0 for ∀s, l3. with γ0η
(+)
4 = iw(+)η
(+)
4 . (
3
16
BPS)
xs,l334 , a
(+)
s,l3
= 0 for ∀s > 0, l3 6= −w
(−)s, η
(−)
1 , η
(−)
2 , η
(+)
3 , η
(+)
4 8
xs,l314 = x
s,l3
24 = 0 for ∀s, l3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
4
BPS)
Table 5: We list the number of supersymmetries of BPS solutions (3.37), (3.48), (3.49)
to preserve η
(+)
4 with γ0η
(+)
4 = iw
(+)η
(+)
4 at each point of moduli space with x
s,l3
34 6= 0 for
∃s > 0, l3.
Similarly we can count the number of supersymmetries of the BPS solution which
preserves at least η
(−)
1 with projection (3.70). They are given by (3.82), (3.91), (3.92),
which we write down again for convenience.
XA1 =
∑
s≥0,|r3|≤s
xs,r3A1 e
−i 2s+1
r
tY
s,w
(−)
3 s,r3
(θ, φ, ψ), (3.117)
F 01 =
∑
s≥ 1
2
,|r3|≤s
a(−)s,r3cs,r3 tan
w(−)r3
(
θ
2
)
sins−1 θ cos (−r3ψ + s(w
(−)φ−
2
r
t) + α(−)s,r3), (3.118)
F 23 =
∑
s≥ 1
2
,|r3|≤s
a(−)s,r3cs,r3 tan
w(−)r3
(
θ
2
)
sins−1 θ sin(−r3ψ + s(w
(−)φ−
2
r
t) + α(−)s,r3). (3.119)
Discussion how to count the number of supersymmetries can be done in a parallel way, so
we only present results of the table corresponding to Table 1, Table 4, Table 5 by Table 6.
4 BPS states in N = 8 SYM on R× S2
In this section we investigate supersymmetric states in N = 8 SYM on R×S2 by carrying
out dimensional reduction of N = 4 SYM on R × S3 so that the Hopf fiber direction ψ
is degenerated. We present basic results obtained by this dimensional reduction for this
paper to be self-contained. From the metric of R× S3 we obtain that of R× S2 as
ds2
R×S2 = −dt
2 + µ−2(dθ2 + sin2 θdφ2) (4.1)
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Parameter region. Preserved Killing spinors. Number of SUSY.
xs,r312 , x
s,r3
13 , x
s,r3
14 , a
(−)
s,r3: generic. η
(−)
1 2
with γ0η
(−)
1 = iw(−)η
(−)
1 . (
1
16
BPS)
xs,r313 = x
s,r3
14 = 0 for ∀s, r3. η
(−)
1 , η
(−)
2 4
with γ0η
(−)
A = iw
(−)η
(−)
A . (
1
8
BPS)
xs,r312 , x
s,r3
13 , a
(−)
s,r3 = 0 for ∀s, r3 6= −w
(+)s, η
(−)
1 , η
(+)
4 4
xs,r314 = 0 for ∀s, r3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
8
BPS)
xs,r312 , x
s,r3
13 , x
s,r3
14 = 0 for ∀s > 0, r3, η
(−)
1 . 4
a
(−)
s,r3 = 0 for ∀s, r3. (
1
8
BPS)
xs,r312 = 0 for ∀s, r3 6= −w
(+)s η
(−)
1 , η
(+)
4 , 6
xs,r313 , a
(−)
s,r3 = 0 for ∀s > 0, l3; x
s,r3
14 = 0 for ∀s, l3. with γ0η
(−)
1 = iw(−)η
(−)
1 . (
3
16
BPS)
xs,r312 , a
(−)
s,r3 = 0 for ∀s, r3 6= −w
(+)s, η
(−)
1 , η
(−)
2 , η
(+)
3 , η
(+)
4 8
xs,r313 = x
s,r3
14 = 0 for ∀s, r3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
4
BPS)
xs,r312 = x
s,r3
13 = x
s,r3
14 = 0 for ∀s, r3. η
(−)
1 , η
(−)
2 , η
(−)
3 , η
(−)
4 8
with γ0η
(−)
A = iw
(−)η
(−)
A . (
1
4
BPS)
xs,r312 = x
s,r3
13 = 0 for ∀s > 0, r3, η
(−)
1 , η
(+)
4 . 8
xs,r314 = a
(−)
s,r3 = 0 for ∀s, r3. (
1
4
BPS)
a
(−)
s,r3 = 0 for ∀s, r3 6= −w
(+)s, η
(±)
1 , η
(±)
2 , η
(±)
3 , η
(±)
4 16
xs,r312 = x
s,r3
13 = x
s,r3
14 = 0 for ∀s, r3. with γ0η
(±)
A = iw
(±)η
(±)
A . (
1
2
BPS)
xs,r312 = 0 for ∀s > 0, r3, η
(−)
1 , η
(−)
2 , η
(+)
3 , η
(+)
4 . 16
xs,r313 = x
s,r3
14 = a
(−)
s,r3 = 0 for ∀s, r3. (
1
2
BPS)
xs,r312 = x
s,r3
13 = x
s,r3
14 = a
(−)
s,r3 = 0 for ∀s, r3. η
(±)
1 , η
(±)
2 , η
(±)
3 , η
(±)
4 . 32
(Unique vacuum)
Table 6: We list the number of supersymmetry of BPS solutions (3.82), (3.91), (3.92)
which preserve η
(−)
1 with γ0η
(−)
1 = iw
(−)η
(−)
1 at each point of moduli space.
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where we set µ = 2
r
, which is the inverse radius of S2. For more detail, see Appendix B.2.
Dimensional reduction for fields can be achieved by truncating the fields to leave the zero
modes of the Hopf fiber direction. ∂ψΦ = 0, or ∂3Φ = 0, where Φ is any four dimensional
field. Accordingly the four dimensional gauge field is separated into the three dimensional
one and a scalar field in a way that
Ai = ai, A3 = φ, (4.2)
where i = 0, 1, 2. Thus the gauge field strength become
F01 = f01, F02 = f02, Fµ3 = Dµφ, F12 = f12 − µφ, (4.3)
where fµν = ∂µaν − ∂νaµ+ i[aµ, aν ], Dµφ = ∂µφ+ i[aµ, φ] with µ, ν = t, θ, φ. Note that the
local Lorentz indices 0, 1, 2 and the global indices t, θ, φ are now transformed to each other
by using the transition function of R× S2 given by (B.34).
Performing this dimensional reduction to the N = 4 SYM action given by (2.2) we
obtain the action of N = 8 SYM on R× S2
S =
1
g23
∫
dt
d2Ω
µ2
Tr
[
−
1
4
fµνf
µν −
1
2
DµφD
µφ+ µφf12 −
1
2
µ2φ2
−
1
2
DµXABD
µXAB −
µ2
8
XABX
AB +
1
2
[XAB, φ][X
AB, φ] +
1
4
[XAB, XCD][X
AB, XCD]
+ i(ψA)
†γµDµψA +
µ
4
(ψA)
†ρtψA + i(ψA)
†[φ, ψA] + (ψA)
†[XAB, (ψB)
†] + ψA[X
AB, ψB]
]
(4.4)
where we set d2Ω = dθ sin θdφ, λA = ψA,
1
g23
= 1
g2
4π
µ
, and Dµ is the covariant derivative in
terms of gauge and spin indices in the three dimension.
Equations of motion for the gauge field and the scalar fields in the bosonic part are
Dµf
µν − i[φ,Dνφ]− i[XAB, D
νXAB] + µγ0µνDµφ = 0, (4.5)
DµDµφ+ µf12 − µ
2φ2 + [XAB, [φ,X
AB]] = 0, (4.6)
DµDµX
AB −
µ2
4
XAB + [φ, [XAB, φ]] + [XCD, [X
AB, XCD]] = 0. (4.7)
Conserved charges of this theory can be obtained by dimensional reduction. SU(4)R
R-symmetry charge of the bosonic part is
RCA =i
∫
d2Ω
1
g23
Tr
(
−XCBD0XAB +D
0XCBXAB
)
. (4.8)
The energy is
H =
∫
d2Ω
1
g23
Tr
(
1
2
(f 0i)2 +
1
4
(f ij)2 +
1
2
|D0φ|
2 +
1
2
| ~Dφ|2 +
1
2
|D0XAB|
2 +
1
2
| ~DXAB|2
− µφf12 +
1
2
µ2φ2 +
1
2
|[XAB, φ]|
2 +
1
4
|[XAB, XCD]|
2 +
µ2
8
|XAB|
2
)
. (4.9)
23
The angular momentums are
P i =
∫
d2Ω
1
g23
Tr
(
f 0µf
iµ +D0φDiφ+
1
2
(D0XABD
iXAB +DiXABD
0XAB)
)
(4.10)
where i = θ, φ.
Under the truncation supersymmetries specified by ǫ
(+)
A are all broken, since they are
dependent on the Hopf fiber direction ψ. The other supersymmetries specified by ǫ
(−)
A are
all preserved, which we denote by ξA. The determining equation of ξA comes from (2.14),
which is now given by
∂tξA = −
iµ
4
ξA, ∇
S2
θ ξA = −
iµ
2
ρθ
tξA, ∇
S2
φ ξA = −
iµ
2
ρφ
tξA, (4.11)
and the solution is
ξA = e
−iµ
4
te−
i
2
ρ01θe−
1
2
ρ21φηA (4.12)
where ηA is a constant spinor. By using this the supersymmetry transformation rule of
N = 8 SYM on R× S2 is obtained as
∆ξAµ =i((ξA)
∗ρµψA − (ψA)
†ρµξA),
∆ξφ =(ξA)
∗ψA − (ψA)
†ξA,
∆ξX
AB =i(−εABCDξCψD − (ξA)
∗(ψB)
† + (ξB)
∗(ψA)
†),
∆ξψA =(−iDµφρ
µ +
1
2
fµνρ
µν − µφρ12)ξA − 2(DµXABρ
µ − [φ,XAB])(ξB)
∗
− 2i[XAB, X
BC ]ξC −XAB(ρ
µ∇S
2
µ −
iµ
4
ρ12)(ξB)
∗. (4.13)
Note that due to this reduction the global symmetry reduces from PSU(2, 2|4) to PSU(2|4).
BPS states of N = 8 SYM on R × S2 can be studied in the same manner as the
case of N = 4 SYM on R × S3 in §3.2.2. Especially calculation in §3.2.2 can be applied
to this case as it is by exchanging the fields from four dimension to three dimension as
discussed above. For this reason we do not repeat the similar calculation, and we present
only relevant results.
Let us study BPS states of N = 8 SYM on R× S2. For this purpose we study a BPS
state which preserves a Killing spinor ǫ1 whose constant spinor η1 is projected in such a
way that
γ0η1 = iwη1 (4.14)
where w = ±1 and 1 = 1, 2, 3, 4. The BPS relation of charges associated with the Killing
spinor ǫ1 is
µ−1H = R11 + wJφ. (4.15)
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By performing the dimensional reduction to (3.74), we find
f 02 = −wD2φ sec θ +D0φ tan θ, D1φ = −wf 01 sec θ − (f12 − µφ) tan θ,
[XAB, X
B1] =
1
2i
{
w sec θ(D0φ− i(f12 − µφ))− (D
2φ+ if 01) tan θ
}
δ1A,
D0XA1 = −
iµ
2
XA1 − wµDφXA1,
D1XA1 = iw(−cos θD2XA1 + sin θ[iφ,XA1]),
(4.16)
where A = 1, 2, 3, 4. These are the most general 1/8 BPS conditions of N = 8 SYM on
R× S2 with the fermionic fields trivial, which preserves ǫ1 with 1 = 1, 2, 3, 4.
Let us show a general solution of these 1/8 BPS equations when the fields take values
in Cartan subalgebra of a gauge group, in which case these BPS equations reduce to
f 02 = −w cos θ∂2φ, ∂tφ = −wµ∂φφ,
f12 = µφ− w sin θf
01, ∂1φ = −w cos θf 01, (4.17)
(∂0 +
iµ
2
+ µw∂φ)XA1 = 0, (∂1 + iwcos θ∂2)XA1 = 0. (4.18)
The gauge field strength has to be determined by combining with the equation of motion
(4.5), which is now given by ∂µf
µν +µγ0µν∂µφ = 0.
11 Under the BPS condition (4.17) this
becomes
∂tf
01 = −wµ∂φf
01, µ∂2φφ = tan θ∂θ(sin θf
01). (4.19)
By carrying out dimensional reduction for (3.82), (3.91), (3.92), we find
XA1 =
∑
s≥0
xsA1e
−iµ(s+ 1
2
)tYs,ws(θ, φ), (4.20)
f 01 =
∑
s≥ 1
2
ascs sin
s−1 θ cos (s(wφ− µt) + αs), (4.21)
∂2φ =
∑
s≥ 1
2
ascs sin
s−1 θ sin(s(wφ− µt) + αs), (4.22)
where xsA1, as, αs are integral constants with the range x
s
A1 ∈ C, as ≥ 0, 0 ≤ αs < 2π for
all A = 2, 3, 4; s ≥ 1
2
, and Ys,ws(θ, φ), cs are given in Appendix B.2. Thus the real adjoint
scalar field φ is determined as
φ =φ0 −
w
µ
∑
s≥ 1
2
as
s
cs sin
s θ cos(s(wφ− µt) + αs), (4.23)
where φ0 is another integral constant taking real values, which parametrizes the vacua of
the theory.12 The other components of field strength can be obtained from (4.17). This is
11 Different from the four dimensional case, the Bianchi identity becomes redundant in the three dimen-
sion.
12 If the flux quantization condition is taken into account, not only xsA1, as but also φ0 are quantized in
a suitable way.
25
a set of general 1/8 BPS solutions of N = 8 SYM on R × S2.13 Note that this result is
consistent with the BPS solutions obtained in [32], where BPS solutions of the N = 8 SYM
were obtained from those of N = 6 Chern-Simons (or ABJM) theory defined on R × S2
by performing a particular scaling limit from a half BPS solution of ABJM.
We present the values of conserved charges under the BPS solution (4.20), (4.21), (4.23).
H =
1
g23

2µ2∑
s≥0
(2s+ 1)2Tr|xsA1|
2 +
∑
s≥ 1
2
(1 + 2s)
2s
Tr(as)
2

 , (4.26)
Jθ =0, (4.27)
Jφ =
w
g23

∑
s≥0
2µ(2s+ 1)sTr|xsA1|
2 + µ−1
∑
s≥ 1
2
(1 + 2s)
2s
Tr(as)
2

 , (4.28)
R11 =
µ
g23
∑
s≥0
(2s+ 1)Tr|xsA1|
2, (4.29)
which satisfies the BPS relation of charges given by (4.15).
The number of supersymmetries preserved by the 1/8 BPS solution at each point of
moduli space is given in Table 7. In particular this theory has degenerate vacua, which are
parametrized by vacuum expectation values of the real scalar field denoted by φ0.
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5 Discussion
We have done a systematic analysis of supersymmetric states in N = 4 SYM on R × S3
by setting the gaugino fields to zero. As a result we have found two sets of 1/16 BPS con-
ditions and we have solved them completely when the bosonic fields are valued in Cartan
subalgebra of a gauge group. We have precisely counted the number of supersymmetries
preserved by the BPS solutions varying the parameters of the solution. We have also ob-
tained the most general 1/8 BPS solution ofN = 8 SYM onR×S2 with the precise number
of supersymmetries under the same assumptions by performing dimensional reduction.
In this paper we have solved the 1/16 BPS solutions assuming that they are valued
in Cartan subalgebra of a gauge group. We pointed out that in the Cartan part the
13 If we include the non-normalizable mode, the general solution (4.21), (4.23) becomes
f01 =
a′0
sin θ
+
∑
s≥ 12
ascs sin
s−1 θ cos (s(wφ − µt) + αs), (4.24)
φ =φ0 −
w
µ

a′0 log sin θ +∑
s≥ 12
as
s
cs sin
s θ cos(s(wφ − µt) + αs)

 . (4.25)
14 The degeneracy of vacua in N = 8 SYM on R × S2 can be encoded in non-trivial holonomy in the
Hopf fiber direction in N = 4 SYM on R× S3/Zk, where the Hopf fiber direction is orbifolded [33, 34].
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Parameter region. Preserved Killing spinors. Number of SUSY.
xs12, x
s
13, x
s
14, as, φ0: generic. η1 2
with γ0η1 = iwη1. (
1
8
BPS)
xs13 = x
s
14 = 0 for ∀s. η1, η2 4
with γ0ηA = iwηA. (
1
4
BPS)
xs12, x
s
13, x
s
14 = 0 for ∀s > 0, η1. 4
as = 0 for ∀s, r3. (
1
4
BPS)
xs12 = x
s
13 = x
s
14 = 0 for ∀s. η1, η2, η3, η4 8
with γ0ηA = iwηA. (
1
2
BPS)
xs12 = 0 for ∀s > 0, η1, η2. 8
xs13 = x
s
14 = as = 0 for ∀s. (
1
2
BPS)
φ0: generic, η1, η2, η3, η4. 16
xs12 = x
s
13 = x
s
14 = as = 0 for ∀s. (Vacua)
Table 7: We list the number of supersymmetry of BPS solutions (4.20), (4.21), (4.23)
which preserve η1 with γ0η1 = iwη1 at each point of moduli space.
gauge field and the matter ones decouple and they can be independently excited preserving
supersymmetry. It would be interesting to study more general BPS solutions by relaxing
this assumption. In this case one has to solve non-linear differential equations given by
(3.28) or (3.74), which are much more complicated and technically much harder to solve.
Therefore it will become important to reduce the problem to a simpler one by restricting
attention to a special subsector as performed in [27].
An important problem is to clarify a relation between 1/16 BPS states in the N = 4
SYM and 1/16 BPS objects in type IIB supergravity on AdS5×S5. It would be interesting
to find out the counterparts of the BPS states constructed in this paper, especially those in
which only electromagnetic field is turned on. Since charges of the supersymmetric states
found in this paper can be of order N , the corresponding objects in the dual geometry can
be supersymmetric (dual) giant gravitons. General 1/16 BPS (dual) giant gravitons have
been constructed in [35] by using the same technique to construct a general 1/8 BPS giant
graviton [36], where the configuration of 1/8 BPS giant gravitons of energy E is realized
by the intersection of S5 and the zero locus of a polynomial of the form∑
n1+n2+n3=E/R
cn1n2n3e
−iEtzn11 z
n2
2 z
n3
3 (5.1)
where R is the radius of AdS5, z1, z2, z3 are coordinates of C
3 into which S5 is embedded.
(See also [37, 38, 39, 28, 40, 41, 42, 43].) Supersymmetric black holes have also been found
in [25, 24, 26], which have turned out to be 1/16 BPS. Reproducing behaviors of these
objects from the N = 4 SYM side is an important issue in AdS5/CFT4 duality.
Another interesting direction is to study the N = 4 SYM on R×S3/Zk by orbifolding
the Hopf fiber direction so that the su(2)R algebra is broken and the global symmetry
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algebra of the system becomes psu(2|4). Study of a class of the theories with psu(2|4)
symmetry is interesting because a family of BPS solutions with psu(2|4) symmetry (called
bubbling geometries) and BPS objects in ten or eleven dimensional supergravity theories
has extensively studied in [33, 34, 44, 45]. It would be attracting to pursue the correspon-
dence of BPS spectra of both sides more. (See [13, 46, 47, 48, 49] for the study of this
direction.)
It would also be fascinating to study BPS states in other supersymmetric gauge theories
defined on R×Sn as done in this paper, for example SYM on R×S4 constructed recently
in [50]. (The case of N = 6 Chern-Simons (ABJM) theory on R× S2 was done in [32].)
We leave these issues to future works.
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A Convention
In this appendix we collect our convention used in this paper. In the flat space-time, the
metric is given by gµν = diag(−1, 1, 1, 1) and SO(1, 3) gamma matrices are realized by
γµ =
(
0 ρµ
ρµ 0
)
, γ3 =
(
0 i
−i 0
)
. (A.1)
Here ρ0 = iσ2, ρ1 = σ1, ρ2 = σ3, where σi is the Pauli matrices satisfying σiσj = δij+iεijkσk
so that {γµ, γν} = 2gµν . Note that ρµ becomes SO(1, 2) gamma matrices.
In this paper we alway suppress spinor indices for simplicity. In a fermionic bilinear,
spinor indices are contracted in the southwest-northeast manner. For example,
ψ†γµχ = ψ
†
α˙γµ
α˙
βχ
β = Cα˙γ˙ψ
†γ˙γµ
α˙
βχ
β (A.2)
where Cα˙γ˙ is the charge conjugation matrix. Note that γ3
α˙
β = −iδαβ. We also use notation
such that
γµν =
1
2
(γµγν − γνγµ). (A.3)
B Basics on S3
In this appendix we collect basics on S3 used in this paper. It is convenient for us to realize
S3 by SU(2) group. Any SU(2) element denoted by g can be parametrized by using the
polar coordinates of S3 as
g = e−i
φ
2
σ3e−i
θ
2
σ2e−i
ψ
2
σ3 =
(
cos θ
2
e
−i(φ+ψ)
2 − sin θ
2
e
i(−φ+ψ)
2
sin θ
2
e
−i(−φ+ψ)
2 cos θ
2
e
i(φ+ψ)
2
)
(B.1)
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where the parameter region is 0 ≤ θ < π, 0 ≤ φ < 2π, 0 ≤ ψ < 4π. On the other hand,
any point on S3 with radius r can embedded into C2 by using SU(2) elements
zi = rgi1 = r
(
cos θ
2
e
−i(φ+ψ)
2
sin θ
2
e
−i(−φ+ψ)
2
)
(B.2)
where z1, z2 are complex coordinates of C2. Therefore the metric of S3 with radius r is
given by
ds2
S3
= |dz1|2 + |dz2|2 =
r2
4
(dθ2 + sin2 θdφ2 + (dψ + cos θdφ)2) (B.3)
where we used (B.2) to obtain the second equation. The metric of R× S3 is
ds2
R×S3 = −dt
2 + ds2
S3
. (B.4)
Therefore a local orthonormal frame is given by
e0 = dt, e1 =
r
2
dθ, e2 =
r
2
sin θdφ, e3 =
r
2
(dψ + cos θdφ). (B.5)
Vielbein of this geometry reads
e0t = 1, e
1
θ =
r
2
, e2φ =
r
2
sin θ, e3φ =
r
2
cos θ, e3ψ =
r
2
. (B.6)
The inverse of vielbein is
et0 = 1, e
θ
1 =
2
r
, eφ2 =
2
r sin θ
, eψ2 =
2
r
(− cot θ), eψ3 =
2
r
. (B.7)
We interchange local Lorentz indices and global space-time ones by using these.
The 1-form connection of this geometry can be determined as follows.
ω21 =
2
r
(cot θ e2 −
1
2
e3), ω13 =
1
r
e2, ω23 = −
1
r
e1. (B.8)
Others components are trivial. This reads
ω2,21 =
2
r
cot θ, ω3,21 = −
1
r
, ω2,13 =
1
r
, ω1,23 = −
1
r
. (B.9)
The partial derivatives with the local Lorentz indices and those with the global coordinates
are related by
∂1 =
2
r
∂θ, ∂2 =
2
r
(
1
sin θ
∂φ − cot θ∂ψ), ∂3 =
2
r
∂ψ, (B.10)
∂θ =
r
2
∂θ, ∂φ =
r
2
(sin θ∂2 + cos θ∂3), ∂ψ =
r
2
∂3. (B.11)
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A benefit to realize S3 as SU(2) group is that so(4) Killing action on S3 is realized by
the su(2)L × su(2)R algebraic action.
Lˆag =−
1
2
σag, Rˆag =
1
2
gσa. (B.12)
Thanks to this definition we can easily show that[
Lˆa, Lˆb
]
=iǫabcLˆc, [Rˆa, Rˆb] = iǫabcRˆc, [Lˆa, Rˆb] = 0. (B.13)
The explicit coordinate expressions of these operators are given by
Lˆ1 =i(sin φ∂θ − csc θ cos φ∂ψ + cot θ cosφ∂φ),
Lˆ2 =i(− cos φ∂θ − csc θ sin φ∂ψ + cot θ sin φ∂φ),
Lˆ3 =− i∂φ, (B.14)
Rˆ1 =i(sinψ∂θ + cot θ cosψ∂ψ − csc θ cosψ∂φ),
Rˆ2 =i(cosψ∂θ − cot θ sinψ∂ψ + csc θ sinψ∂φ),
Rˆ3 =i∂ψ. (B.15)
For later convenience to construct the spherical harmonics, we define
Lˆ± =Lˆ1 ± iLˆ2, Rˆ± = Rˆ1 ± iRˆ2. (B.16)
Then we can show that [
Lˆ3, Lˆ±
]
= ±Lˆ±, [Lˆ+, Lˆ−] = 2Lˆ3, (B.17)[
Rˆ3, Rˆ±
]
= ±Rˆ±, [Rˆ+, Rˆ−] = 2Rˆ3, (B.18)
and
Lˆ± =e
±iφ(i cot θ∂φ ± ∂θ − i
1
sin θ
∂ψ), (B.19)
Rˆ± =e
∓iψ(i cot θ∂ψ ∓ ∂θ − i
1
sin θ
∂φ). (B.20)
Note that
Lˆ2 = Rˆ2 =∂2θ + cot θ∂θ +
1
sin2 θ
(∂2φ + ∂
2
ψ − 2 cos θ∂φ∂ψ) (B.21)
which is the same as the Laplacian of S3 with radius r = 2 acting on a scalar field.
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B.1 The scalar spherical harmonics on S3
In this subsection we construct the scalar spherical harmonics on S3. Since the spherical
harmonics are roots of the su(2)L×su(2)R algebra, we can construct them by the standard
algebraic method.
Lˆ2Ys,l3,r3 = Rˆ
2Ys,l3,r3 = s(s+ 1)Ys,l3,r3 , (B.22)
Lˆ3Ys,l3,r3 = l3Ys,l3,r3, Rˆ3Ys,l3,r3 = r3Ys,l3,r3, (B.23)
where s is non-negative half integer and |l3|, |r3| ≤ s. Firstly we determine the spherical
harmonics of the highest or lowest weight of su(2)R by solving R±Ys,l3,±s = 0 as well, which
is given in the polar coordinates by(
∂θ ∓
1
sin θ
l3 − s cot θ
)
ys,l3,±s(θ) = 0 (B.24)
where Ys,l3,±s = ys,l3,±s(θ)e
i(l3φ∓sψ). The solution is given by
Ys,l3,±s = cs,l3 tan
±l3
(
θ
2
)
sins θei(l3φ∓sψ), (B.25)
where cs,l3 is a normalization constant given by
cs,l3 =
1
π
√
Γ(2s+ 2)
22s+1Γ(l3 + s+ 1)Γ(−l3 + s+ 1)
(B.26)
which we determine by demanding
∫
d3Ω|Ys,l3,±s|
2 = 1.
In the same way, we can construct the spherical harmonics of the highest or lowest
weight of su(2)L by solving L±Ys,±s,r3 = 0, which is(
∂θ ∓
1
sin θ
r3 − s cot θ
)
ys,±s,r3(θ) = 0 (B.27)
where Ys,±s,r3 = ys,±s,r3(θ)e
i(−r3ψ±sφ). The solution thereof is given by
Ys,±s,r3 = cs,r3 tan
±r3
(
θ
2
)
sins θei(−r3ψ±sφ), (B.28)
where cs,r3 is determined to satisfy
∫
d3Ω|Ys,±s,r3|
2 = 1 so that
cs,r3 =
1
π
√
Γ(2s+ 2)
22s+1Γ(r3 + s+ 1)Γ(−r3 + s+ 1)
. (B.29)
A general scalar spherical harmonics, Ys,l3,r3, can be obtained by acting lowering oper-
ators suitably.
Ys,l3,r3 =
(
s∏
n=l3+1
Lˆ−√
s(s+ 1)− n(n− 1)
)
Ys,s,r3 (B.30)
where we normalized the spherical harmonics to satisfy the orthonormal relation∫
d3Ω(Ys′,l′3,r′3)
∗Ys,l3,r3 = δss′δl3l′3δr3r′3 . (B.31)
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B.2 Reduction to S2
In this subsection we extract information on S2 from the results obtained in the previous
subsections by degenerating the Hopf fiber direction ψ of S3. The metric of R× S2 is
ds2
R×S2 = −dt
2 +
1
µ2
(dθ2 + sin2 θdφ2) (B.32)
where µ is the inverse radius of S2, which is related to the S3 radius by µ = 2
r
. A local
orthonormal frame is
e0 = dt, e1 = µ−1dθ, e2 = µ−1 sin θdφ. (B.33)
From this we find vielbein of R× S2 as
e0t = 1, e
1
θ = µ
−1, e2φ = µ
−1 sin θ,
et0 = 1, e
θ
1 = µ, e
φ
2 =
µ
sin θ
. (B.34)
One-form connection is
ωS
2
21 = µ cot θe
2. (B.35)
Other components are zero.
so(3) Killing actions on S2 are given by Lˆi with ∂ψ eliminated. It is automatic that Lˆi
restricted on S2 form su(2) algebra. By using the operators Lˆi the S
2 spherical harmonics
are defined as root vectors of the su(2) algebra.
Lˆ2Ys,s3 = s(s+ 1)Ys,s3, Lˆ3Ys,s3 = l3Ys,s3, (B.36)
where s is non-negative half integer and |s3| ≤ s. The S2 spherical harmonics can be
obtained from S3 spherical harmonics by taking a zero mode of ψ direction.
Ys,s3 =
√
π
2
Ys,s3,r3=0. (B.37)
For instance, the S2 spherical harmonics of the highest or lowest weight are given by
Ys,±s = cs sin
s θe±isφ, (B.38)
where cs =
√
π
2
cs,0 =
√
Γ(2s+2)
π22s+2Γ(s+1)2
. A general scalar spherical harmonics is given by
Ys,s3 =
(
s∏
n=s3+1
Lˆ−√
s(s+ 1)− n(n− 1)
)
Ys,s. (B.39)
These S2 spherical harmonics satisfy the orthonormal relation∫
d2Ω(Ys′,s′3)
∗Ys,s3 = δss′δs3s′3 (B.40)
where d2Ω = dθ sin θdφ.
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